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Abstract
We consider the problem of ﬁnding two integer right-angled triangles, having a common base,
where the respective heights are in the integer ratio n : 1. By considering an equivalent elliptic curve
problem, we ﬁnd parametric solutions for certain values of n. Extensive computational resources are
then employed to ﬁnd those integers which do appear with 2n999.
 2005 Elsevier GmbH. All rights reserved.
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1. Introduction
As a postscript to [8], Smyth mentions that the elliptic curve he considers is a member
of a family of curves linked to the following problem:
Find two rational right-angled triangles on the same base whose heights are in the ratio
n : 1 for n an integer greater than 1.
He states that the late John Leech informed him of this connection. The following note
discusses this problem.
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Let b be the common base, and the two heights h and nh. We do not need to restrict
b and h to be integral, only rational, since rational triangles can be scaled to integer ones
preserving the height ratio.
We thus consider the rational
b2 + h2 = c2, (1)
b2 + (nh)2 = d2. (2)
We can assume that b = (f 2 − 1) and h= 2f , with  and f rational, and  = 0.
Thus
d2 = 2(f 4 + (4n2 − 2)f 2 + 1)
and, deﬁning e = d/, we have
e2 = f 4 + (4n2 − 2)f 2 + 1. (3)
This equation has an obvious rational solution, and so is birationally equivalent to an
elliptic curve. Using standard methods, as in [6], we ﬁnd the curves
En : y2 = x3 + (n2 + 1)x2 + n2x
with f = y/(n2+ x) and e=−f 2+ 2x + 1. The transformations in the other direction are
x = (e + f 2 − 1)/2 and y = f (n2 + x).
Thus, the consideration of rational solutions to the original problem is equivalent to
considering rational points on the elliptic curve En.
We close this section by showing an alternative formulation of the problem which can be
quite useful. As before, assume that b = (f 2 − 1) and h = 2f , and realise that Eq. (2)
allows us to say that b = (g2 − 1) and nh= 2g, giving
n= g
f
= (f
2 − 1)
(g2 − 1)
g
f
and deﬁne f = x/z and g = y/z, leading to the surface
y(x2 − z2)= nx(y2 − z2). (4)
2. Torsion points
The rational points on an elliptic curve form a ﬁnitely generated group, see [7]. The point
at inﬁnity is the identity of the group of rational points. We ﬁrst consider the rational points
of ﬁnite order, called torsion points, which form a subgroup known as the torsion subgroup.
The points of order 2 correspond to rational zeros of x3 + (n2 + 1)x2 + n2x = 0. It is
easy to see that this gives 3 points of order 2, namely (0, 0),(−1, 0) and (−n2, 0).
There is a famous, but difﬁcult, theorem of Mazur which characterises the possible
structures of the torsion subgroup. For elliptic curves with 3 points of order 2, the theorem
implies that the subgroup will be isomorphic to Z2× Z2m with m ∈ {1, 2, 3, 4}.
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If P denotes a point of order 4 then 2P will be of order 2. For an elliptic curve of the type
y2 = x3 + ax2 + bx, 2P has x-coordinate (u2 − b)2/4v2, if P has coordinates (u, v).
Since two of the zeros ofEn are negative, we can only have a point of order 4 ifu2−n2=0,
giving u=±n. Both possibilities lead to rational points (n,±n(n+1)) and (−n,±n(n−1)),
so that there are at least 8 torsion points. These 4 points of order 4 mean that the torsion
subgroup is either isomorphic to Z2× Z4 or Z2× Z8. For the latter to be true there must
be points of order 8.
If P is a point of order 8, then 2P has order 4. From the previous discussion, we must
have n= k2 for some integer k. Then, if P = (u, v), we have
(u2 − k4)2
4(u3 + (k4 + 1)u2 + k4u) = k
2 (5)
leading to the quartic
u4 − 4k2u3 − 2k2(2k4 + k2 + 2)u2 − 4k6u+ k8 = 0.
Applying standard methods for solving quartics, we ﬁnd that the roots are
k(k2 + k + 1)± k(k + 1)
√
k2 + 1
and
−k(k2 − k + 1)± k(k − 1)
√
k2 + 1
so that rational roots clearly do not exist if k1. Thus there are no points of order 8.
Thus the torsion subgroup is isomorphic to Z2×Z4. Smyth states that Leech had proven
this, though with no information of the method of proof. Thus, any rational point which is
not one of those already discussed must have inﬁnite order.
Real-world triangles exist unless, in Eqs. (1)–(3), f =±1 or f =0. Since f =y/(x+n2),
it is clear that the 3 points of order 2 lead to f = 0 or f undeﬁned. f =±1 will occur when
y =±(x + n2), which gives the equation
x3 + n2x2 − n2x − n4 = (x + n)(x − n)(x + n2)= 0
which shows that the points of order 4 do not give real-world examples.
This analysis proves the following result:
Theorem 1. The existence of two triangles satisfying the original problem corresponds to
the existence of points of inﬁnite order on En.
In the terminology of elliptic curves this means thatEn must have rank greater than zero.
This is thus a possible characterisation of those values of n which give triangles.
Using the surface formulation (4), given in the previous section, it is easy to see that the
8 torsion points correspond to the points (0 : 0 : 1), (0 : 1 : 0), (1 : 0 : 0), (n : 1 : 0) and
(±1 : ±1 : 1), using (x : y : z) coordinates.
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3. Parametric solutions
The elliptic curve formulation allows us to derive some parametric solutions to the prob-
lem, using numerical experimentation and some simple data investigation.
We use the fact that, if (x, y) is a rational point on En then there exist integers , u, v,w
with x = u2/v2 and y = uw/v3, with both (, v) and (u, v) having no common factors.
Substituting into En we have
w2 = u4 + (n2 + 1)u2v2 + n
2v4

(6)
so that |n.
We set up a very simple search procedure setting v = 1,  = ±1,±n, and searching in
1u99999 with 2n999 for integer w values in the above equation. Ignoring torsion
points we printed the successful u values, and inspected the results.
For =−1, we found that u= n− 2 gave a point for the sequence n= 7, 12, 19, 28, 39,
52, . . .. A formula for this set is easily found to be n=m2 + 3,m2, and substituting all
these values into the various formulae we ﬁnd
b = (m2 − 1)(m4 + 3m2 + 4),
h= 4m(m2 + 1),
c =m6 + 2m4 +m2 + 4,
d =m6 + 10m4 + 17m2 + 4.
This result proves that there are an inﬁnite number of integers n which give a solution to
the original problem.
For =n, the results showed that u=4n+3 gave a point for n=7, 10, 22, 27, 45, 52, 76,
85, 115, 126, 162, 175, . . .. Attempts to ﬁt a single formula to these values fail, but it is
easy to see that n = 7, 22, 45, 76, . . . come from the sequence n = 4k2 + 3k, while n =
10, 27, 52, 85, . . . come from n= 4k2 + 5k + 1.
The ﬁrst formula for n leads to
b = 16k(2k + 1)(4k + 1)(4k + 3)(8k2 + 4k + 1)(16k2 + 16k + 5),
h= 2(8k + 3)(16k2 + 12k + 1)(16k2 + 12k + 3),
c = 2(32768k8 + 98304k7 + 126976k6 + 92160k5
+ 40832k4 + 11136k3 + 1808k2 + 168k + 9),
d = 2k(4k + 3)(8192k6 + 18432k5 + 18176k4 + 9984k3 + 3184k2 + 552k + 41).
It is possible to give further formulae by adding the points discovered on En to the torsion
points from the previous section.
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4. Rank calculations
As we showed before, to have a non-trivial solution to the basic problem we need to have
a rational point of inﬁnite order, so that the rank of En is at least 1. Unfortunately, there is
no guaranteed method for determining the rank of an elliptic curve.We use a computational
approach as used by Zagier and Kramarz [10] or Bremner and Jones [2].
The method assumes the Birch and Swinnerton-Dyer (BSD) conjecture which relates the
rank to the behaviour of the L-series of the curve. An excellent summary of the theoretical
aspects of this extremely important conjecture can be found in a paper byWiles [9], available
on the Clay mathematics Foundation web-site.
TheBSDconjecture states (very roughly)—if an elliptic curve has rank r, then theL-series
of the curve has a zero of order r at the point 1.
The L-series of an elliptic curve can be deﬁned formally as
L(s)=
∞∑
k=1
ak
ks
, (7)
where ak are integers which depend on the algebraic properties of the curve. This form is
useless for effective computation at s = 1, so we use the following form from Proposition
7.5.8. of Cohen [4]:
L(1)=
∞∑
k=1
ak
k
(
exp(−2kA/√N)+  exp(−2k/(A√N))
)
(8)
with =±1—the sign of the functional equation, N—the conductor of the equation, and A
ANY number.
N can be computed by Tate’s algorithm—see Algorithm 7.5.3 of Cohen, while  can be
determined by computing the right-hand sum at two close values ofA—say 1 and 1.1—and
seeing which choice of  leads to agreement (within rounding and truncation error). If =1
then the curve has even rank, whilst if =−1 the curve has odd rank.
If = 1, we compute
L(1)= 2
∞∑
k=1
ak
k
exp(−2k/√N) (9)
and, if this is non-zero, then we assume r = 0, whilst, if zero, r2. In practice, we ﬁnd
that |L(1)| is either of the order of the machine precision or bounded away from that. In the
former case we take r2, and in the latter case r = 0.
For =−1, we compute
L′(1)= 2
∞∑
k=1
ak
k
E1(2k/
√
N) (10)
with E1 the standard exponential integral special function. If this is non-zero, then we
assume r = 1, whilst if zero, r3.
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Table 1
Rank distribution of En
n Rank= 0 Rank= 1 Rank2
2–99 51 44 3
100–199 38 52 10
200–299 40 50 10
300–399 49 46 5
400–499 39 51 10
500–599 36 55 9
600–699 40 50 10
700–799 36 56 8
800–899 36 54 10
900–999 41 48 11
This entire method is clearly conditional on using sufﬁcient accuracy and sufﬁcient terms
so that we can be conﬁdent that the numerical values are close enough to their true values,
and that the rank estimates from these values are thus correct, subject to the truth of the
BSD conjecture. Doubtful results are recomputed using more terms in the series and greater
precision, until a concrete decision can bemade.The question of exactly howmuch precision
is needed is a difﬁcult one. For curves with a strictly positive estimated rank, however, we
can prove the rank to be positive by actually ﬁnding a point of inﬁnite order, as we consider
later.
5. Numerical results
The distribution of the rank estimates for 2n999 is given in Table 1. As the table
shows there are 51 values in [2, 99] which are predicted to have rank 0. It is possible to use
Ian Connell’s APECS package to test these values, as done by Bremner et al. [3]. All the
51 values are computed to have unconditional rank zero, providing a good endorsement of
the computational approach we employ.
Determining the rank shows those values of n for which solutions to the original problem
should exist. The next stage is to ﬁnd the actual coordinates of a point of inﬁnite order.
For those curves with rank 2 or above, a simple search procedure practically always
works. For rank 1 curves, the Birch and Swinnerton-Dyer conjecture can also provide an
estimate of the height of a point of inﬁnite order, and the program produced this value. The
height provides an indicator of the number of digits in the rational coordinates of the point,
and hence an idea of the difﬁculty in computing these coordinates. Readers should note that
the Silverman height normalisation was used, which produces values half that of the other
normalisation, as used in Cremona’s mwrank program.
Unfortunately, the formula used involves an uncomputable term for the size of the
Tate–Safarevic group, so there is no guarantee that the height value is the height of the
generator of the inﬁnite order points, though it usually is correct.
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Table 2
Unsolved values of n
n 502 808 863
Ht 57 69 121
For heights less than 5, a simple search is effective, while for heights up to about 18, the
well-known method of 4-descent can be used, as described in [1]. Beyond this value the
quartic searches needed start to take a signiﬁcantly long time.
The author devised a simple rational arithmetic further descent method which is de-
scribed in the report [5]. This allows solutions for heights up to 40 to be found in a
reasonable time. Between 40 and 50, solutions can be found if overnight runs on fast
PCs are performed. Beyond this level, we would have to be quite lucky to ﬁnd an
answer.
For some problematic curves, we can use the fact that the curves En have a 2-isogeny
with the curves
E∗n : Y 2 =X3 − 2(n2 + 1)X2 + (n2 − 1)2X (11)
and, occasionally, these curves have a generator with height half that of En.
At the time of writing, there are only 3 values in the range 2n999, where our
calculations suggest that a solution exists, but for which no solution has yet been found
(Table 2). These are, together with estimates for the height of the generator, the author
would, of course, be very interested in hearing from anyone who can ﬁnd a solution for any
of these values.
As an example of the size of numbers involved, we give the numerical values for n=717,
which had a estimated height of 46.6. The value of x was found to be
3 112 232 472 1072 1800732 10933539712
5924432563923797797972
and with the (very large) y-value, we ﬁnd f = p/q with
p = 5 43442 65334 38497 91483 35243 89765 76622 88061
q = 70 40786 15498 37558 59139 66200 28353 68999
giving values of b and h with approximately 80 decimal digits.
For the interested reader, there is a table, in the appendix, of all the solutions found
for the values 2n99. The author can provide, for those really interested, solutions for
2n999.
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Table 3
Numerical results
n b h n b h
7 12 5 10 24 7
11 21 20 12 45 28
14 15 8 17 528 455
19 1155 68 22 40 9
23 468 595 27 60 11
28 455 528 29 165 52
30 275 252 33 1288 255
38 37961 3120 39 6160 111
40 399 40 41 420 29
42 17480 561 44 52080 4199
45 84 13 47 46123872 874055
48 140 51 51 35 12
52 2275 3828 53 68207909 654280020
54 9673916261759 289469937120 57 92008 2145
58 840 41 59 827811 30940
61 8040130371 3727393780 67 67599 520
69 91 60 74 1505 312
76 144 17 79 308 75
80 1540 741 81 2405 1428
82 84082157037959 135429570100440 83 6882272199 49610080
84 7749 17020 85 180 19
88 95151 97240 92 928 585
93 2991925800 281962681 96 34577941409951 137204990242320
97 57962863728 42176933905
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Appendix
We present a table of numerical values for the non-trivial solutions in 2n99 (see
Table 3).
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